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Answer all questions.

1 Find the eigenvalues and corresponding eigenvectors of the matrix [1;

2 The vectors a, b and ¢ are given by

a=i+2j+3k b=2i+j+2k and c=—2i+4+6k

where ¢ is a scalar constant.

(a) Determine, in terms of ¢ where appropriate:
(i) axb;
(i) (axb).c;

(iii) (axb)xec.

(b) Find the value of ¢ for which a, b and ¢ are linearly dependent.

(c) Find the value of ¢ for which ¢ is parallel to a x b.

3 The matrix A = , Where k is a constant.

o= =
U i
N W =

Determine, in terms of k& where appropriate:
(a) det A;

(b) A7l
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4 Two planes have equations

2
r. 1{=12 and r. | 1| =7
-1 4
(a) Find, to the nearest 0.1°, the acute angle between the two planes. (4 marks)

(b) (i) The point P(0, a, b) lies in both planes. Find the value of a and the value of b.

(3 marks)

(1)) By using a vector product, or otherwise, find a vector which is parallel to both
planes. (2 marks)
(ii1)) Find a vector equation for the line of intersection of the two planes. (2 marks)

5 A plane transformation is represented by the 2 x 2 matrix M. The eigenvalues of M

are 1 and 2, with corresponding eigenvectors Lﬂ and [” respectively.

(a) State the equations of the invariant lines of the transformation and explain which of
these is also a line of invariant points. (3 marks)

(b) The diagonalised form of M is M = UDU™!, where D is a diagonal matrix.
(1) Write down a suitable matrix D and the corresponding matrix U. (2 marks)
(i1)) Hence determine M. (4 marks)

1 f(n)—1
0 f(n)
function of n to be determined. (3 marks)

(iii) Show that M" = [ } for all positive integers n, where f(n) is a

Turn over for the next question

Turn over p
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6 Three planes have equations

X + y — 3z = b
2x + y + 4z = 3
5x + 2y + az = 4

where a and b are constants.

(a) Find the coordinates of the single point of intersection of these three planes in the case

when a =16 and b =6. (5 marks)
(b) (i) Find the value of a for which the three planes do not meet at a single point.
(3 marks)
(i1) For this value of a, determine the value of b for which the three planes share a
common line of intersection. (5 marks)
3 -1 1
7 A transformation T of three-dimensional space is given by the matrix W = 2 0 2
-1 11

(@) (1) Evaluate det W, and describe the geometrical significance of the answer in
relation to T. (2 marks)

(i1)) Determine the eigenvalues of W. (6 marks)

(b) The plane H has equation r. | —1 | =0.

(1) Write down a cartesian equation for H. (1 mark)

(i) The point P has coordinates (a, b, ¢). Show that, whatever the values of a, b and
¢, the image of P under T lies in H. (4 marks)

8 By considering the determinant

< N o=
N R e
e N

show that (x 4y 4 z) is a factor of x3 + y3 + 23 — kxyz for some value of the constant k to
be determined. (3 marks)

END OF QUESTIONS
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